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Materials with tunable mechanical properties are ubiquitous in biology and engineering, such
as muscle,1–3 the cytoskeleton,4,5 soft robotic actuators,6–8 and magnetorheological fluids.9 Their
functionality arises through an external signal that modulates intrinsic mechanical properties, like
neural spikes in muscle.2 However, current rheological methods assume approximately invariant me-
chanical properties during measurement,10 and thus cannot be used for characterizing the rheology
of tunable materials. Here, we develop a geometric framework for characterizing tunable materials
by combining classical oscillatory rheology that uses Lissajous force-length loops to characterize
non-tunable materials,11,12 with the technique of work loops that is used to study muscle’s work
output under varying stimulation.13,14 We derive the force-length loop under varying stimulation
by splicing Lissajous loops obtained under constant stimulation. This splicing approach captures
the force-length loop shapes in muscle that are not seen in non-tunable materials, and yields a
nondimensional parametrization for the space of possible responses of tunable materials.
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Rheology, or how materials deform under forces,
is a central consideration for the study of biolog-
ical and engineering materials. A vast number of
these materials may be considered tunable because
their functionality arises from modulation of their
rheological properties by an external stimulus. An
extensive toolkit is available for characterizing ma-
terials whose rheology is invariant during the mea-
surement duration,10–12 but no similar methods are
available for tunable materials because their me-
chanical properties are actively modulated. The
tunability often arises from energy-consuming mi-
croscopic processes,15 and many tunable materials
function as actuators.7 For example, a stimulated
muscle consumes metabolic energy to provide actu-
ation, but is also considerably stiffer than a relaxed
muscle.2 Industrial materials that are responsive to
light,6,7 magnetic fields,9 and electric fields or heat8
also possess dual-capability as actuators and rheo-
logical mechanical interfaces. Considerable atten-
tion has been paid to the actuation capabilities of
these tunable materials,2,7 but little is known about
how to characterize their rheology under varying
stimulation.
Oscillatory rheology
The technique of oscillatory rheology is widely
used to characterize materials whose properties are
invariant during measurement.11,12 It generalizes in-
tuitive notions of stiffness and damping by char-
acterizing the material’s force (or stress) response
to sinusoidal length (or strain) oscillations of dif-
ferent frequencies and amplitudes. The Lissajous
figure16 of force versus length provide a graphical
∗ Email for correspondence: m.venkadesan@yale.edu
signature of the material’s rheology.11 The figures
are approximately elliptic loops for small amplitude
oscillations, but more complicated and non-elliptic
for large-amplitude oscillations (figure 1a).
The response to small-amplitude oscillations are
modeled and understood using the complex modu-
lus E(ω) that depends on the frequency ω of the
length oscillation.11 The in-phase and out-of-phase
components of the measured force divided by the im-
posed length amplitude ∆L yields the storage mod-
ulus E′(ω) and loss modulus E′′(ω), or the complex
modulus E(ω) = E′(ω) + i E′′(ω). The Lissajous
figure at a specific frequency is the sum of a line
with slope E′ and an ellipse of area pi∆L2E′′, result-
ing in a vertically sheared ellipse (figure 1b, Supple-
ment §S1). Non-elliptic shapes for large amplitude
oscillations are understood as length-dependence of
the moduli12 or as higher order terms of a Fourier
expansion whose linear terms are E′ and E′′ (Sup-
plement §S2).12,17
Although current approaches can accommodate a
vast number of complex materials, tunable materials
subject to varying stimulation are not part of the
framework. For example, oscillatory tests have been
used to measure the complex modulus of tunable
materials, but only when the external stimulus was
held constant.4,5,9,18,19 As a result, the rheology of
materials such as muscle under varying stimulation
cannot be explained using small or large-amplitude
oscillatory rheology.
Muscle work loops
The work loop technique is similar to oscillatory
rheological testing and was developed to study mus-
cle under conditions that mimic periodic locomo-
tory movements.13,14 Lissajous loops are generated
by measuring forces during length oscillations, but
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FIG. 1. Force-length loops in non-tunable and
tunable materials. a, Oscillatory rheology of pedal
mucus of a terrestial slug (Limax maximus) for small
and large amplitudes.17 Loops are scaled and shifted for
comparison. b, The force-length loop in the linear set-
ting is the sum of a sloped line (elastic component) and
a clockwise horizontal ellipse (viscous component). c,
Work loops of muscle, measured under sinusoidal length
oscillation and phasic external stimulation, for a wing
muscle of a katydid (Neoconocephalus triops) ,13 rabbit
latissimus dorsi,20 and cockroach leg extensor muscles
178 and 179.21 The yellow dots and yellow shading in-
dicate discrete neural impulses and continuous electrical
stimulation, respectively. d, Hypothetical loops for ide-
alized tunable materials. Positive and negative mechan-
ical work output are shaded green and red, respectively.
unlike for non-tunable materials an external stim-
ulus is phasically applied and removed during the
length oscillations (figure 1c, stimulation depicted
as yellow dots or shading). Typically, electrical cur-
rent is used to directly stimulate the muscle or the
nerve supply to the muscle, which releases intracellu-
lar calcium ions that activate binding sites on actin
and leads to muscle contraction.2 Work loop mea-
surements are performed at a select few frequencies,
unlike the frequency sweeps in rheological testing,
but produce loops that may exhibit multiple self-
intersections and bear little resemblance to measure-
ments on linear or nonlinear non-tunable materials
(figure 1c). Therefore, we turn to the extensive lit-
erature on muscle work loop as the inspiration for
our framework.
Sign convention: Following the muscle work loop
literature,13 increasing length is positive but positive
forces imply the opposite sense, namely contraction.
Therefore, positive work or a counter-clockwise loop
is when the material produces energy to do work
on the environment, and negative work or clockwise
loops occur when the material dissipates energy in
every cycle. (‘+’ and ‘−’ regions in figure 1).
Activation and external stimulus: The experimenter
applies a “stimulus” but “activation” is an internal
variable that more directly affects rheology. For ex-
ample, the stimulus is external temperature and ac-
tivation is the material’s internal temperature, or
the stimulus is an external current or neural spike
frequency and activation is the intracellular calcium
concentration.
Idealized tunable materials
Even in simple models of idealized tunable ma-
terials, phasic activation can result in complicated
loop shapes, including reversal of the loop direc-
tion and self-intersections (figure 1d). For example,
loops constructed by phasically varying the stiffness
and the neutral length of a Hookean spring, or the
damping of a linear viscous damper can exhibit self-
intersections and loop reversals (figure 1d). Fur-
thermore, many tunable materials such as muscle
can also actively contract and produce forces. So,
in addition to the elastic and viscous components,
we consider an idealized force generator that main-
tains a constant force as a function of its activation.
Not surprisingly, the ideal force generator can ex-
hibit work-producing counter-clockwise loops.
Construction by splicing Lissajous figures
We model the effect of varying activation as
switching between different rheological materials
and examine the shapes of Lissajous loops that can
arise under this model. This approach is consistent
with materials such as muscle, which are like tra-
ditional rheological materials under constant excita-
tion and their Lissajous loops do not exhibit self-
intersections or other features that only emerge un-
der time-varying activation.18 To illustrate this, con-
sider a tunable material that behaves like two differ-
ent linear materials at different activations: greater
storage modulus, loss modulus, and contractile force
at a highly activated state A compared with a low
or deactivated state D. Graphically, these manifest
as a more inclined, wider, and vertically offset el-
lipse for A compared with D (figure 2a). In this
model, periodically changing the activation from D
to A and back to D would result in switching be-
tween the two ellipses. Additionally, assume that
the time taken to switch and settle into the new
state is negligible compared to the period of the os-
cillation. Then, switching the activation results in a
spliced loop with two self-intersections and net pos-
itive work although each of the A and D ellipses are
individually dissipative (figure 2a).
3We can generalize the method of constructing
a spliced response to nonlinear materials by using
known or empirical measurements of the force re-
sponse at constant activations (figure 2b,d). When
the material is phasically activated during φA ≤
ωt ≤ φD, we construct the force response F (t) by
splicing the forces FD(t) and FA(t) corresponding
to the low and high activations, respectively, and
expressed as,
F (t) =
{
FA(t) for φA ≤ ωt ≤ φD,
FD(t) otherwise.
(1)
Splicing is graphically viewed as jumping from
one loop to the other at the instant that activation
changes (figure 2a). Generically, there are two tar-
get points to jump to, but only one of them will
continue to traverse the loop in a direction that is
consistent with its loss modulus, thus fully defining
the spliced Lissajous loop. Recall that a positive loss
modulus implies a dissipative material and clockwise
loops, whereas a negative loss modulus would imply
an energy-producing active material with counter-
clockwise loops. Although passive materials only ex-
hibit clockwise looks, active materials such as mus-
cle can have negative loss and storage moduli.13,19,22
However, even with loops arising from passive rhe-
ologies, splicing can produce complicated Lissajous
shapes with self-intersections and counter-clockwise
loops. Importantly, the geometric underpinning of
the splicing method enables generalization to nonlin-
ear rheology where the basis loops have non-elliptic
shapes (figure 2b,d).
The splicing construction assumes that the time
for switching between the two rheologies and settling
into the new periodic response is negligible com-
pared to the time period of the oscillation. Thus,
the spliced loop may be understood as a singular pe-
riodic orbit of a piecewise smooth dynamical system
with two switching planes (figure 2c,d). The switch-
ing planes PD and PA are defined by the phases φD
and φA when the activation is changed from high
to low or vice versa. At constant activation D or A,
the dynamics of the material when subjected to peri-
odic length oscillations are governed by the compos-
ite functions (R1D ◦R2D) and (R2A ◦R1A), respectively
(figure 2c), which map initial conditions on the plane
PA to the plane PD and back onto PA again. The
oscillatory responses at a constant activation, D or
A, correspond to stable periodic orbits of the two
dynamical systems. The splicing of those two pe-
riodic orbits by instantaneously switching between
them at the planes PD and PA (figure 2c,d) yields
a periodic solution to the spliced dynamical system
c
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FIG. 2. a, Splicing the A-ellipse and D-ellipse results
in loops constructed from linear rheologies. b, Splicing
generalizes to nonlinear rheologies, illustrated here using
numerical simulations of a nonlinear muscle model,23 by
jumping between known force responses at constant ac-
tivation. c,d, Geometric viewpoint of splicing as a piece-
wise smooth dynamic system with jumps in rheology at
two phases.
(JD ◦ R1A ◦ JA ◦ R1D). The instantaneous jumps JA
and JD (figure 2c) between slowly varying trajec-
tories resembles approaches from geometric singular
perturbation theory for constructing relaxation os-
cillations in multiple-timescale systems.24 Our sin-
gular construction of the spliced periodic orbit is in-
formative of a real material’s response when the re-
laxation time upon changing the activation is shorter
than the time period of the length oscillation. We
later assess the robustness of this assumption with
respect to muscle work loop data.
Shape-space of spliced loops
Under the hypothesis that the singular loop un-
derlies the response of real materials, we proceed to
investigate the parameters that affect the shape of
the spliced loop. For this, we consider the linear set-
ting where the material under constant activation is
fully described by a constant force term, and the
storage and loss moduli. The nonlinear setting with
storage and loss moduli of higher harmonics is a di-
rect extension of the linear case (Supplement §S2).
The oscillatory force response F (t) of a tunable ma-
terial that is phasically activated between A and D,
is given in terms of the constant force terms FA0
and FD0 that represent active contraction, the stor-
age moduli E′A and E
′
D, the loss moduli E
′′
A and E
′′
D,
4and length amplitude ∆L, according to,
F (t) =

FA0 + ∆L (E
′
A sinωt+ E
′′
A cosωt) ,
for ωt ∈ [φA, φD],
FD0 + ∆L (E
′
D sinωt+ E
′′
D cosωt) ,
otherwise.
(2)
Novel Lissajous loops emerge from phasic changes
in rheology between the D and A states. Therefore,
it is the difference between the two rheologies that
affects the shape (figure 3a). We subtract the deac-
tivated force response FD(t) from F (t), and derive
nondimensional expressions using the length scale
∆L, force scale (FA0 − FD0), and timescale 1/ω.
In terms of the nondimensional phase φ = ωt, the
activated nondimensional force response fA(φ) =
(FA(t)− FD(t))/(FA0 − FD0) is expressed using the
difference in moduli ∆e′ = ∆L(E′A − E′D)/(FA0 −
FD0) and ∆e
′′
D = ∆L(E
′′
A − E′′D)/(FA0 − FD0) as,
fA(φ) = 1 + ∆e
′ sinφ+ ∆e′′ cosφ. (3)
We recast the modulus parameters ∆e′ and ∆e′′
in terms of the nondimensional work w′ and w′′ that
is performed by the material as a result of switch-
ing the storage and loss moduli respectively, and an
additional work w0 as a result of switching the ideal
force component between FD0 and FA0. Thus, the
nondimensional response f(φ) is,
f(φ) =
F (t)− FD(t)
FA0 − FD0
=

1 + w
′
w0
2
`A+`D
sinφ+ w
′′
w0
`D−`A
β cosφ,
φ ∈ [φA, φD]
0, otherwise,
(4)
where the shape factor β =
∫ φD
φA
cos2 φdφ represents
the partial area of the ellipse traversed in switching
the rheology, and `A = `(φA) and `D = `(φD) are
the lengths at activation and deactivation, respec-
tively. The nondimensional work w′ for the elastic
modulus, w′′ for the loss modulus, and w0 for the
ideal force term are,
w′ = −∆e′
∫ `D
`A
`d` =
1
2
∆e′(`2A − `2D), (5)
w′′ = −∆e′′
∫ φD
φA
cos2 φdφ = −∆e′′β (6)
w0 = −
∫ `D
`A
d` = `A − `D, (7)
and the nondimensional and dimensional net work
per loop are respectively,
wn =
∮
fd` = w0 + w
′ + w′′, and (8)
Wn = wn∆L(FA0 − FD0)− piE′′D∆L2. (9)
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FIG. 3. Shape-space of spliced loops. a, Example
to illustrate the influence of nondimensionalization on
loop shape. b, Two work ratios define the shape-space
of spliced loops. The loops are scaled to have the same
width and height and shown here for one activation pro-
tocol (φA = pi/6 and φD = 5pi/4). Contour (gray) lines
of net work wn are also shown.
Expressing the force response, and thus the loop
shape, using work ratios aids in the interpretation
of the response under varying activation in terms
of the material’s functionality as a force actuator,
elastic body, or viscous damper (figure 3b). It de-
lineates the activation-dependent material proper-
ties from the effect of the stimulation protocol that
are captured by the parameters (`D + `A)/2, and
(`D−`A)/β. Furthermore, multiple loop shapes have
the same net work because it is a sum of multiple
work contributions (wn contour lines in figure 3b).
Thus, our characterization of shape and work lend
quantitative interpretation to the long-held hypoth-
esis in muscle work loops that the shape of the loop
governs how the net work is done and thus impor-
tant for the functional use of the muscle by the
animal.13,25
Muscle work loops and slow activation
The spliced loop, when fit to measured work loop
data generate experimentally testable predictions,
namely the basis loop shapes that would give rise
to the measured loop under phasic stimulation. To
illustrate such an experiment, the steady periodic
response of muscle is first measured at two different
activation levels that would correspond to the least
and highest activation experienced by the muscle
during a work loop measurement. A hypothesized
work loop is constructed by splicing the basis loops
and compared against the measured loop in a phasic
5activation experiment. However, muscle does not ac-
tivate instantaneously when stimulated, and neither
do its rheological properties or force output change
instantaneously upon activation. In many settings,
the release of calcium ions and development of force
takes around 10–50 ms but the time period of oscilla-
tion during animal locomotion is far slower, around
100–200 ms.26 But this may not always be the case
depending upon the muscle and animal, especially
for invertebrate muscles.
To examine the influence of delays between an ex-
ternal stimulation u(t) and activation a(t), we per-
formed a numerical study for four specific measured
work loops with considerably different shapes. Our
choice of muscles span invertebrates and vertebrates.
The question is whether simple basis loops can give
rise to the measured loop shapes using our splic-
ing approach. For this preliminary exercise, the ba-
sis loops were found by visual examination and not
exact parameter estimation. The stimulation u(t)
is modeled as a phasic pulse that is equal to unity
when the muscle is receiving a neural input and zero
otherwise. Following standard practice in the lit-
erature, our model enforces a first-order lag with a
time-constant τa between the stimulation u(t) and
activation a(t).26 To accommodate smoothly vary-
ing activation we use a simple model of linear inter-
polation to find the force at intermediate activations
between the D and A ellipses. The force f(t), as a
function of the activation a(t) that develops due to
the phasic stimulation u(t) and activation time con-
stant τa is,
f(t) = a(t)fA(t) + (1− a(t))fD(t), (10)
τa
da(t)
dt
+ a(t) = u(t). (11)
We find that many features of the measured loop
shapes are captured by simple, elliptic basis loops
(figure 4). Importantly, essential features of the loop
shape are robust to finite lags in activation, and the
activation time-constant τa needed for fitting the
measured data are much smaller then the oscilla-
tion time-period T . Although future experiments
are necessary to test the veracity of these hypoth-
esized basis loops, the splicing approach provides a
single framework in which to view vastly different
loop shapes and muscle types, and generate testable
predictions. For example, the activated basis loop
for the cockroach leg muscle 178 requires a negative
storage modulus. This may indicate failure of the
splicing approach, in which case that muscle may be
endowed with new activation phenomena that are
not captured by treating activation as a simple in-
terpolation variable. Alternatively, it may be a valid
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FIG. 4. Muscle work loops versus spliced loops
with smooth activation dynamics. The activation
time constant τa is varied as a fraction of loop’s period
T . Work ratios are calculated for the singular loop with
τa = 0. Yellow dots represent neural spikes acting as ex-
ternal stimuli and bold yellow lines represent continuous
stimulation. a, Wing muscle of a katydid.13 b, Rabbit
latissimus dorsi muscle.20 c-d, Leg extensor muscles 178
and 179 of a cockroach.25
hypothesis because some insect muscles indeed have
negative loss modulus when activated,18 and similar
features may arise for the storage modulus. In this
manner, the splicing approach enables the applica-
tion of rheological modeling to generate predictions
for tunable materials that are subjected to varying
activation. Success of the splicing approach provides
a means to understand the effect of tuning the rhe-
ology, and its failure may point to novel material
properties or activation dynamics.
Conclusion
We have shown how oscillatory rheological mea-
surements at constant activation can be used to con-
struct a force-length Lissajous loop under changing
rheological conditions in tunable materials. We then
derived a deconstruction of possible loop shapes in
terms of work ratios associated with the elastic, vis-
cous, and active force production components of the
material. This approach yields force versus length
loops under varying stimulation that exhibit self-
intersections and loop reversals although the be-
havior under constant stimulation follows the rules
of classical rheology. In this manner, our frame-
work incorporates current understanding from rhe-
ology for characterizing tunable materials and gen-
erates testable predictions whose failure may point
to potentially novel material properties. Finally, the
space of loop shapes provides a tool for the design
6of stimulation protocols that enable the same tun-
able material to variably perform as motors, springs,
dampers, or combinations thereof.
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Supplementary Notes
Rheology of tunable materials
Khoi D. Nguyen1 and Madhusudhan Venkadesan∗1
1Department of Mechanical Engineering & Materials Science, Yale University, New Haven, CT, USA
S1 Linear viscoelastic response as a sheared ellipse
The objective is to show that the linear viscoelastic response of a material to a sinusoidal length
is geometrically a sheared ellipse. The force F (t) attributed to the rheological response is
F (t) = ∆L(E′ sinωt+ E′′ cosωt) (S1.1)
where L(t) = ∆L sinωt is the length input, ω is angular frequency, and t is time. The horizontal
ellipse due to the loss modulus E′′ is the plot of L0E′′ cos(ωt) against L(t). The total response
F (t) due to the addition of the storage modulus) is the same as a shear transformation of this
ellipse as given by, [
f(t)
L(t)
]
=
[
1 E′
0 1
] [
L0E
′′ cos(ωt)
L(t)
]
. (S1.2)
The 2x2 matrix is the shear transformation with E′ as a shear factor. The linear viscoelastic
response is therefore a sheared ellipse.
S2 Expansion with higher harmonics:
The generalization of splicing the constant-activation basis loops to include higher harmonics is
a straightforward extension of splicing ellipses by using a Fourier series for the force response.
The force response to sinusoidal length perturbations as given by equation (2) in the main text
generalizes to
F (t) =

FA0 + ∆L
∑
k
(E′A,k sin(kωt) + E
′′
A,k cos(kωt)), for ωt ∈ [φA, φD]
FD0 + ∆L
∑
k
(E′D,k sin(kωt) + E
′′
D,k cos(kωt)), otherwise
(S2.1)
for index k over the set of positive integers and where each higher harmonic introduces four
additional moduli. Subtracting the deactivated force response and normalizing by length
scale ∆L and force scale FA0 − FD0 result in two difference of moduli of the kth harmonic:
∆e′k = ∆L(E
′
A,k − E′D,k)/(FA0 − FD0) and ∆e′′k = ∆L(E′′A,k − E′′D,k)/(FA0 − FD0). Expanding
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equations (4)–(7) from the main text to include the higher harmonics results in
f(φ) =
1 +
∑
k
(
w′k
w0
lD−lA
αk
sin kφ+
w′′k
w0
lD−lA
βk
cos kφ
)
, for φ ∈ [φA, φD]
0, otherwise.
(S2.2)
w′k = −∆e′k
φD∫
φA
sin kφ cosφdφ = −∆e′kαk (S2.3)
w′′k = −∆e′′k
φD∫
φA
cos kφ cosφdφ = −∆e′′kβk (S2.4)
w0 = −
∫ `D
`A
d` = `A − `D, (S2.5)
where αk =
∫ φD
φA
sin kφ cosφdφ and βk =
∫ φD
φA
cos kφ cosφdφ are shape parameters. The terms
w′k and w
′′
k are the work by storage forces and loss forces of the k
th harmonic, respectively. The
net work now includes contributes from all higher harmonics as
wn = w0 +
∑
k
(w′k + w
′′
k). (S2.6)
The relation between nondimensional net work wn and the dimensional net work remains un-
changed according to equation (9) from the main text because only the first harmonic of the
deactivated force response contributes to net work.
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